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1. Introduction 

The purpose of this report is to provide documentation for testing the accuracy and applicability 
of various mathematical processes used in IWFM.  Table 1.1 shows the functionality of each test. 
Description of problems and type of benchmark used for each test are tabulated in Table 1.2. 

Test   
1.a 1.b 1.c 1.d 2.a 2.b 3 4 5 6a 6b 

Hydrological processes  
Groundwater flow  

Confined aquifer     * *   *   
Semi-confined aquifer       *     

Unconfined aquifer * * * *   * *  * * 
Recharge/pumping wells  

Pumping     * * *  *  * 
Recharge         *  * 

Partially penetrating            
Multiple wells      *      

Tile drainage and 
subsurface irrigation 

           

Land subsidence         *   
Stream flows          * * 
Lakes            
Surface flows            
Soil moisture in the root 
zone 
and unsaturated zone 

           

Small watersheds            
Flow characteristics  
Steady state flow * * * *        
Transient flow     * * * * * * * 
Boundary conditions  
Zero flow (impermeable 
barrier) 

* * * * * * * * * * * 

Specified flux  *          
Specified head *    * * * *  * * 
Rating table    *        
General head   *         
Dimensions  
1D * * * *    *    
2D     * * *  * * * 
Quasi 3D            

Table 1.1 Functionality table of tests performed. 

Testing of IWFM is done using one of the following ways (suggested by Van der Heijde and 
Kanzer, 1997): 
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• Comparison with analytical solution. 

• Intra-comparison using different IWFM functions inciting the same system responses. 

• Inter-comparison with comparable simulation codes. 

• Comparison with field or laboratory experiments.   

Test Description of problem Type of benchmark 

1.a Steady-state 1D flow in an unconfined aquifer using 
specified head boundary conditions.  

Two different initial heads are used. 

Analytical solution 

1.b Steady-state 1D flow in an unconfined aquifer using 
specified head and specified flux boundary conditions. 

Analytical solution 

1.c Steady-state 1D flow in an unconfined aquifer using 
specified head and general head boundary conditions. 

Analytical solution 

1.d Steady-state 1D flow in an unconfined aquifer using 
specified head and rating table boundary conditions. 

Analytical solution 

2.a Transient response of drawdown in a confined aquifer due 
to a well with constant discharge rate. 

 Quadrant and pie wedge domains are used with different 
grid alternatives. Grid refinement is investigated for both 
domains.  

Analytical solution,  

intra-comparison 

2.b Transient response of drawdown in a confined aquifer due 
to multiple wells with constant discharge rates. 

Analytical solution by 
superposition 

3 Transient response of drawdown in a leaky confined aquifer 
due to a well with constant discharge rate. 

Effect of using different time steps on drawdown is 
investigated.  

Analytical solution 

 

4 Prediction of water table position through time in an 
unconfined aquifer where groundwater is flowing from the 
aquifer to a surface reservoir.  

Comparisons are made for reservoir level lowered to the 
bottom of the aquifer. 

Analytical solution, 

comparison with 
laboratory experiment   

Table 1.2 Description of problems and type of benchmark used in each test for verification of 
IWFM. 
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Test Description of problem Type of benchmark 

5 Groundwater elevation in a confined aquifer affected by the 
water storage in the interbed layer is investigated.  

A fully penetrating well is located in the center of the 
simulation domain.  

Inter-comparison by 
MODFLOW 

6a Stream flow – ground water interaction in a gaining 
unconfined aquifer is investigated by comparing time 
variation of stream leakage into the aquifer as well as 
ground water head at an observation point. Three different 
values of stream bed hydraulic conductivity are used in the 
analysis. 

Inter-comparison by 
MODFLOW 

6b Stream flow – ground water interaction in an unconfined 
aquifer with four wells located near the stream is 
investigated. Water is withdrawn and recharged in a cyclic 
manner from the wells. Time variation of stream leakage 
into the aquifer as well as ground water head at an 
observation point is compared. 

Inter-comparison by 
MODFLOW 

Table 1.2 (continued) Description of problems and type of benchmark used in each test for 
verification of IWFM.  

 
In some of the tests (e.g. test 2), Normalized Root Mean Square Error (NRMSE) and 

Averaged Root Mean Square Error (ARMSE), as defined below, is used as a quantitative 
measurement of the simulation accuracy:  
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where a

ih  is the analytical, experimental or exact values, s
ih  is the simulated values and 

i=1,2,3…N. Numerator in equations (1.1) and (1.2) is Root Mean Square Error (RMSE). 
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2. Test 1.a 

Problem description:  Steady-state 1D flow in an unconfined aquifer using specified head 
boundary conditions. 

Assumptions:  Horizontal flow; isotropic, homogeneous material properties.  

Model domain:  Single layer aquifer, 40000 ft in x-direction and 40000 ft in y direction. Ground 
surface elevation is at 500 ft. Aquifer thickness is 500 ft. 

Grid: 400 elements with 441 nodes. x y 2000 ftΔ = Δ =  (see Figure 2.1). 

Boundary conditions:  Constant head at x=0 ft (hx=0=50 ft), constant head at x=40000 ft (hx=Lx 
=400 ft) and no flow boundaries at y=0 ft and y=40000 ft.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.1 Computational domain for tests 1.a, 1.b, 1.c, 1d. 
 
Initial conditions:  Two cases are applied; groundwater head of 400 ft at all nodes and 
groundwater head of 600 ft at all nodes 

Parameters:  Hydraulic conductivity=100 ft/day. 

Time stepping:  Specific yield and specific storage values are set to 0. IWFM is run for one time 
step to get groundwater heads at steady state.    

Benchmark:  Analytical solution which can be expressed as  

 

1  2 3            20  21  

22  42  

441  421  

1 2  20  

400  381  

No Flow
 

No Flow  

 
 
  

21  40  

Y 

X
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 (2.1)  

where Lx, hx=0 and hx=L are the length of domain in x, head at x=0, and head at x= Lx, 
respectively. See Appendix A for derivation. 

Control parameters:  SOR (Successive Over-Relaxation) parameter=1.13, maximum number of 
iterations for the solution of system of equations=15000, convergence criteria for groundwater 
head difference=0.001 ft. 

Results and discussion:  
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Figure 2.2 Groundwater head h (ft) versus x (ft) for test 1.a. 
 
 For test 1.a, steady state ground water heads along x-direction computed by IWFM using 
both initial heads, h0=400 ft and h0=600 ft, are identical with analytical solution as shown in 
Figure 2.2. As expected, the initial groundwater head didn’t affect the steady state solution.  
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3. Test 1.b 

This problem is similar to Test 1.a except the boundary conditions. 

Problem description:  Steady-state, 1D flow in an unconfined aquifer using specified head and 
specified flow boundary conditions. 

Boundary conditions:  Constant head at x=0 ft (hx=0=50 ft), specified flow at x=40000 ft (Qx=Lx 
=3 acre-ft/day) and no flow boundaries at y=0 ft and y=40000 ft.   

Initial conditions:  Groundwater head of 400 ft at all nodes  

Benchmark:  Analytical solution which is expressed by 

 xx L 2
x 0

2q
h x h

K
=

== − +  (3.1) 

where x
x

x L
x L

Q
q

y
=

= =
Δ

is discharge per unit length at x=Lx and K is the hydraulic conductivity. 

See Appendix A for derivation. 

Results and discussion: 
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Figure 3.1 Groundwater head h (ft) versus x (ft) for test 1.b. 
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For test 1.b, steady state ground water heads along x-direction computed by IWFM are identical 
with analytical solution as shown in Figure 3.1.
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4. Test 1.c 

This problem is similar to Test 1.a except the boundary conditions. 

Problem description:  Steady-state, 1D flow in an unconfined aquifer using specified head and 
general head boundary conditions. 

Boundary conditions:  Constant head at x=0 ft (hx=0=400 ft), no flow boundaries at y=0 ft and 
y=40000 ft.  In addition, general head boundary condition at x=40000 ft with the following 
characteristics: 

Flow area, A, at nodes 21 and 441 is 50000 ft2 and flow area, A, at the rest of the boundary 
nodes is 100000 ft2 

Distance between the boundary and the location of the known head, d=100 ft 

Known head, hGHB=50 ft 

Initial conditions:  Groundwater head of 400 ft at all nodes  

Benchmark:  Analytical solution which is expressed as 

 1 2h c x c= +  (4.1) 

where 2
2 x 0c h ==  and 1c can be obtained by solving the following implicit equation using 

Newton-Raphson method: 

 2
1 GHB 1 x x 0

2Ac h c L h
d y =

⎛ ⎞= − +⎜ ⎟Δ ⎝ ⎠
 (4.2) 

(4.2) can also be modified to get a quadratic equation to solve 1c . See Appendix A for 
derivation. 
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Results and discussion: 
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Figure 4.1 Groundwater head h (ft) versus x (ft) for test 1.c. 

 

For test 1.c, steady state ground water heads along the x-direction computed by IWFM are 
identical with analytical solution as shown in Figure 4.1. 
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5. Test 1.d 

This problem is similar to Test 1.a except the boundary conditions. 

Problem description:  Steady-state, 1D flow in an unconfined aquifer using specified head and 
rating table boundary conditions. 

Boundary conditions:  Constant head at x=0 ft (hx=0=25 ft), no flow boundaries at y=0 ft and 
y=40000 ft.  In addition, rating table boundary condition, listed in Table 5.1, at x=40000 ft is 
used. 

h (ft) Q (ft3/s) 

3 2000 

6 4000 

Table 5.1 Rating table boundary at x=40000 ft for test 1.d. 

Initial conditions:  Groundwater head of 400 ft at all nodes  

Benchmark:  Analytical solution which is expressed by (4.1).  In this case, however, 1c  is 
obtained by solving the following implicit equation: 

 21 1 1
1 x x 0

a b cc L h 0
K K 2=+ + + =  (5.1) 

See Appendix A for derivation. For the rating table data given in Table 5.1, 1 1q a h b= +  where 
Qq
y

=
Δ

 is the flux at a boundary node which is assigned a rating table boundary condition.  So 

for this problem a1= 0.3333 and b1=0.  The negative sign in a1 is due to the flow direction 
represented in the analytical solution. However, sign of flux should be positive in IWFM input 
files if flux is going into modeled domain and negative if flux is leaving modeled domain. 
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Results and discussion: 
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Figure 5.1 Groundwater head h (ft) versus x (ft) for test 1.d. 

For test 1.d, steady state ground water heads along x-direction simulated by IWFM are identical 
with analytical solution as shown in Figure 5.1. 
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6. Test 2.a 

Problem description:  Theis’ solution (Theis, 1935) is one of the most widely used analytical 
techniques by hydrologists.  Theis’ solution predicts drawdown in a confined aquifer at any 
distance from a well at any time since the start of pumping for a given set of aquifer properties, 
transmissivity and storage.  In this problem, observation point is at 55 m from the well.  Two 
different domains, quadrant and pie wedge, are implemented to investigate the accuracy and 
perform intra-caparison of IWFM results. Also different grid alternatives for each domain are 
used to judge the effect of grid refinement. 

Assumptions:  
1. Aquifer is homogeneous, isotropic, uniformly thick, and has infinite areal extent. 

2. Initial piezometric surface is horizontal and uniform. 

3. The well is fully penetrating into the aquifer and is pumped at a constant rate. 

4. Storage within the well can be neglected. 

5. Flow is horizontal within the aquifer and the aquifer is fully confined from above and below. 

6. Water is removed from storage instantaneously with decline in head. 

Model domain:  Because of the symmetry considerations, one can use different radial domains 
to simulate this problem.  In this test problem, two radial domains, whose radius and center angle 
are given below, are tested (see Figure 6.1). Thickness of confined aquifer = 100m 

Quadrant: θ= 90˚, r = 20000 m  
Pie wedge: θ= 11.45˚, r = 20000 m 

 
Figure 6.1  Computational domain for test 2. 

Grid:  
Quadrant domain: 

For constant ∆θ  = 22.5˚: 
Let grid spacing in r-direction for 0 r 100m< ≤  be ∆r. Five different ∆r values are used: ∆r = 5, 
2.5, 1.25, 0.625, 0.3125 m. Grid spacing in the rest of the domain is 10∆r for100m r 1000m< ≤ , 
100∆r for 1000m r 10000m< ≤ , and 200∆r for 10000m r 20000m< ≤ .  

For constant ∆r = 5 m: 
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Three different angle spacing, ∆θ, is used: ∆θ   = 22.5˚, 11.25˚, 5.625˚. 

For constant aspect ratio: 

Three grid alternatives which are ∆r = 5m with ∆θ  = 22.5˚, ∆r = 2.5m with ∆θ  = 11.25˚, and ∆r 
= 1.25m with ∆θ  = 5.625˚are used. 

Pie wedge domain: 

Constant ∆θ  = 2.8625˚, is used with ∆r = 5, 2.5, 1.25 m. 

Boundary conditions:  Groundwater head of 150 m at r = 20000m, all other boundaries are 
assigned no flow boundary condition.   

Initial conditions:  Groundwater head of 150 m at all nodes 

Parameters:  Pumping rate = 0.004m3/s (0.001 m3/s for quadrant and 1.27337E-4 m3/s for pie 
wedge domains), aquifer horizontal hydraulic conductivity = 0.000023 m/sec,  storage 
coefficient = 0.00075. 

Time stepping:  Time step (∆t) = 10 seconds, number of time steps in simulation = 8640.  

Benchmark: Theis, 1935 obtained drawdown at a distance, r, from a well at any time, t, by   

 
u

u

Q e du Qs(r, t) W(u)
4 T u 4 T

∞ −
= =

π π∫  (6.1) 

with  

 
2r Su

4 T
=

π
 (6.2) 

 
where s(r,t) is the drawdown, Q is the constant well discharge, T(= KD) is the transmissivity of 
the aquifer, K is the aquifer horizontal hydraulic conductivity, D is the thickness of aquifer, W(u) 
is the dimensionless Theis well function, and S is the dimensionless storativity of aquifer. Theis 
well function can be expanded as (Bedient and Huber, 1992) 

 
2 3 4u u uW(u) 0.5772 ln(u) u ...

2 2! 3 3! 4 4!
= − − + − + − +

× × ×
 (6.3) 

Control parameters:  SOR relaxation parameter = 1.5, maximum number of iterations for the 
solution of system of equations = 36000, convergence criteria for groundwater head difference = 
0.001 m. 

Results and discussion: 

Because of the symmetry, the aquifer in this problem could be represented by quadrant and pie 
wedge domains.  Figure 6.2 shows the drawdown versus time at 55 m from the well.  This figure 
shows that IWFM results compare well with analytical solution for both domains.  

NRMSE and ARMSE are tabulated in Tables 6.1, 6.2 and 6.3. Since both of them represent 
RMSE, only NRMSE will be discussed. Using Figure 6.3, one can see that NRMSE values are 
smaller for pie wedge domain than for quadrant domain when similar ∆r values are used with 
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constant ∆θ. The reason for this is that the number of nodes per simulation area is less in pie 
wedge domain; in other words; same number of nodes are used in pie wedge domain for a 
smaller area.  Figure 6.3 shows that for smaller ∆r values, NRMSE for quadrant domain is not 
changing much, that is, even though the grid is refined in r direction the solution is not getting 
better.  The same behavior is observed in Figure 6.4 for ∆θ.  It appears that instead of converging 
to zero the NRMSE converge to a non-zero value as the domain is refined either in r-direction or 
in θ-direction.This behavior can be explained by the concept of element aspect ratio.  Element 
aspect ratio is defined as the ratio of the length of the longest side of the element to the length of 
the shortest side. The disadvantages of finite elements with high aspect ratio have been 
documented in literature (e.g. Mittal, 2000).  In Figure 6.5, NRMSE versus ∆r for a constant 
aspect ratio is plotted.  In Table 6.3, ∆θ values which correspond to ∆r values that are used in 
Figure 6.5 are given.  Figure 6.5 validates the positive effect of keeping the aspect ratio small on 
the accuracy of IWFM results.  A constant aspect ratio is used for this set of simulations and 
NRMSE is decreasing linearly as ∆r is decreased.  Slope of the linear regression is 1.8859 with 
R2=0.9987.   

0 20000 40000 60000 80000 100000
t (s)
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0.2

0.4

0.6

0.8

dr
aw

do
w

n 
(m

)

Analytical
quadrant, Δr=5 m, Δθ=22.5° 
pie wedge, Δr=5 m, Δθ=2.8625°

 
Figure 6.2 Drawdown (m) versus time (s) at r=55 m.  
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Figure 6.3 NRMSE versus ∆r for quadrant (∆θ=22.5˚) and pie wedge (∆θ=2.8625˚) domains. 
 

∆r (m) 
 NRMSE for  

quadrant domain 
NRMSE for 

 pie wedge domain 
 ARMSE for  

quadrant domain
ARMSE for 

 pie wedge domain 
5 0.01085 0.00704 0.000071 0.000046 

2.5 0.00626 0.00213 0.000041 0.000014 
1.25 0.00506 0.00083 0.000033 0.000005 
0.625 0.004513 not simulated 0.000030 not simulated 

0.3125 0.004344 not simulated 0.000028 not simulated 
Table 6.1 NRMSE and ARMSE for quadrant (∆θ=22.5˚) and pie wedge (∆θ=2.8625˚) domains. 
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Figure 6.4 NRMSE versus ∆θ  for quadrant domain (∆r =5 m). 
 
∆θ  (˚) NRMSE ARMSE 

22.5 0.0108 0.000071
11.25 0.0077 0.000050
5.625 0.0070 0.000046

Table 6.2 NRMSE and ARMSE for quadrant domain (∆r =5 m). 
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Figure 6.5 NRMSE versus ∆r for quadrant domain using constant aspect ratio of mesh elements.  
 
∆r (m) ∆θ (˚) NRMSE ARMSE 

5 22.5000 0.0108 0.000071
2.5 11.2500 0.0028 0.000019

1.25 5.6250 0.0008 0.000005
Table 6.3 NRMSE and ARMSE for quadrant domain for constant aspect ratio of mesh elements. 
 



 20

7. Test 2.b 

Problem description:  Transient response of drawdown in a confined aquifer due to two wells 
with constant discharge rates is investigated. All the assumptions in test 2.a are valid.   

Model domain:  Radial domain with θ = 360˚ and r = 20000 m is used (see Figure 6.1 for 
parameter definitions). Thickness of confined aquifer = 100m. The two wells are placed 55 m 
away from the center of the domain where is the observation point. Wells and the center of the 
domain are aligned on a line. 

Grid: Grid spacing of ∆r = 5m with ∆θ = 22.5˚ that was described in test 2.a is used. 

Boundary conditions:  Groundwater head of 150 m at r = 20000m.  

Initial conditions:  Groundwater head of 150 m at all nodes 

Parameters:  Pumping rate = 0.004 m3/s for both wells, aquifer horizontal hydraulic 
conductivity = 0.000023 m/sec, storage coefficient = 0.00075. 

Time stepping:  Time step (∆t) = 10 seconds, number of time steps in simulation = 8640.  

Benchmark: For multiple wells with drawdowns that overlap, the principle of superposition can 
be used (Bedient and Huber, 1992). Hence drawdown for this problem is twice the drawdown 
computed in test 2.a.  

Control parameters:  SOR relaxation parameter = 1.5, maximum number of iterations for the 
solution of system of equations = 36000, convergence criteria for groundwater head difference = 
0.001 m. 

Results and discussion: 
Drawdown versus time graph is shown in Figure 7.1. In early times IWFM predictions compare 
well with the analytic solution. However, IWFM starts to underestimate analytical solution later 
in the simulation. This behavior is similar to the one observed in test 2.a (see Figure 6.2). Using 
finer mesh should result in better predictions. However, this problem was not solved with finer 
mesh. 
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Figure 7.1: Drawdown (m) versus time (s) for multiple wells. 
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8. Test 3 

Problem description:  Transient response of drawdown in a leaky aquifer due to a well with 
constant discharge rate is investigated. Observation point in this problem is 100 m from the well. 
Leaky aquifers represent a complex problem in well hydrology. When a well located in a leaky 
aquifer is pumped, the piezometric head in the aquifer is lowered, causing the groundwater in the 
overlaying aquifer to migrate vertically through the aquitard (see Figure 8.1). This problem is 
modeled using three different time steps to see the effect of time discretization on the 
predictions.  

 
Figure 8.1 Schematic cross section of a pumped leaky aquifer. 
 

Assumptions: Assumptions inherent in Test 2 are all applicable except assumption of total 
confinement.    

Model domain:  Quadrant domain (θ = 90˚, see Figure 6.1) with radius r = 20000 m is used in 
this test problem. Thickness of aquifer A = 100m, thickness of aquitard = 50 m, thickness of 
aquifer B = 50 m. 

Aquitard-aquifer combination can be modeled as one layer in IWFM. Using this capability, 
aquifer A is modeled by one layer and aquitard-aquifer B combination is modeled by another 
layer.   

Grid: ∆r = 5 m with ∆θ  = 22.5˚.  

Boundary conditions:  Groundwater head of 150 m at r = 20000m, all other boundaries are 
assigned no flow boundary condition.   

Initial conditions:  Groundwater head of 150 m at all nodes. 

Parameters:  Pumping rate = 0.004m3/s (0.001 m3/s for quadrant domain), aquifer horizontal 
hydraulic conductivity = 0.000023 m/sec, aquitard vertical hydraulic conductivity = 0.00000023 
m/sec, and storage coefficient = 0.00075 for all aquifer layers. 

Q

unconfined 
aquifer, A 

aquitard 

leaky 
aquifer, B 
 

Water table at t=0 
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Time stepping:  Maximum simulation time in test 3 is 2000000 seconds. ∆t = 100, 1000, 10000 
seconds are simulated. 

Benchmark: Drawdown due to pumping in a leaky aquifer can be written by (Hantush and 
Jacob, 1955) 

 
2

2
u

Q 1 r Qs(r, t) exp( y )dy W(u, r / L)
4 T y 4 T4L y

∞
= − − =

π π∫  (8.1) 

where W(u, r/L) is dimensionless Hantush well function, L (= Tc ) is the leakage factor or 
characteristic length, c (= D’/K’) is the hydraulic resistance of aquitard, D’ is the saturated 
thickness of the aquitard, K’ is the vertical hydraulic conductivity of aquitard and the other 
symbols are defined in Test 2. 

Control parameters:  SOR relaxation parameter = 1.5, maximum number of iterations for the 
solution of system of equations = 36000, convergence criteria for groundwater head difference = 
0.001 m. 

Results and discussion: 
Drawdown (m) at leaky aquifer versus time (s) graphs at r = 100 m for time steps ∆t = 100, 1000, 
and 1000 s are plotted for two layer model in Figure 8.2. Data used to plot Figure 8.2 is tabulated 
in Table 8.1. Drawdown in a leaky aquifer is predicted quite well using IWFM according to 
Figure 8.2. Maximum difference between drawdown of analytical solution and IWFM for ∆t = 
100 s is less than 1.3 cm.  Another observation is that, as expected, smaller time steps result in 
better predictions of drawdown.   
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Figure 8.2 Drawdown (m) versus time (s) at r=100 m for different time steps. 
 
  drawdown (m) 
time (s) analytical ∆t=100 ∆t=1000 ∆t=10000 

10000 0.3752 0.3675 0.3586 0.2919
20000 0.5314 0.5241 0.5188 0.4674
30000 0.6216 0.6144 0.6107 0.5732
40000 0.6830 0.6757 0.6728 0.6440
50000 0.7282 0.7208 0.7185 0.6954
60000 0.7632 0.7556 0.7537 0.7346
70000 0.7912 0.7834 0.7818 0.7656
80000 0.8140 0.8062 0.8048 0.7908
90000 0.8330 0.8250 0.8238 0.8116

100000 0.8490 0.8409 0.8399 0.8290
200000 0.9285 0.9192 0.9188 0.9148
300000 0.9534 0.9442 0.9440 0.9422
400000 0.9630 0.9547 0.9546 0.9537
500000 0.9670 0.9599 0.9599 0.9594
600000 0.9687 0.9631 0.9630 0.9628
700000 0.9695 0.9653 0.9652 0.9651
800000 0.9699 0.9670 0.9670 0.9669
900000 0.9701 0.9686 0.9686 0.9685

1000000 0.9702 0.9701 0.9700 0.9700
2000000 0.9703 0.9830 0.9829 0.9829

Table 8.1 Drawdown (m) versus time (s) at r=100 m for different time steps. 
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9. Test 4 

Problem description:  The problem investigated in this test is that of unsteady water flow with a 
moving free surface in a large unconfined aquifer. Groundwater head at x=0 is controlled by the 
reservoir which is located at x<0. Groundwater head at t=0 is H/2. The head difference between 
reservoir and aquifer result in unsteady movement of groundwater elevation. The aim in this 
problem is to predict water table position in the aquifer through time.  Schematic and plan view 
of the problem is given in Figure 9.1 and 9.2.  An approximate method given by Haushild and 
Kruse (1962) and experimental data given by Keller and Robinson (1959) are compared with 
IWFM.  

 
Figure 9.1 Schematic of groundwater flow to surface reservoir in unconfined aquifer. 

 
Figure 9.2 Plan view of test domain. 

Assumptions: Assumptions as described by Haushild and Kruse (1962) are 

1. The aquifer is of infinite extent and overlays an impermeable layer of zero slope. 

2. The Dupuit-Forchheimer assumption holds. 

3. The change in reservoir water level is instantaneous. 

4. The aquifer is composed of an isotropic and homogeneous material. 

Model domain:  Single layer aquifer, 180000 ft in x-direction and 20000 ft in y-direction. 
Aquifer thickness is 500 ft. Reservoir level is at the bottom of the aquifer, i.e. d = 0, and H = 10 
ft.  

Grid: 900 elements with 1001 nodes. ∆x = 2000 ft and ∆y = 2000 ft.  

Aquifer  Reservoir y 

x 
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Boundary conditions:  Constant head at x = 0 ft (hx=0 = 5 ft), constant head at x = 180000 ft 
(hx=Lx = H = 5 ft) and no flow boundaries at y = 0 ft and y = 20000 ft.   

Initial conditions:  Groundwater head of 10 ft at all nodes. 

Parameters:  Aquifer horizontal hydraulic conductivity = 2937.6 ft/day and aquifer specific 
yield = 0.255. 

Time stepping:  Maximum simulation time is 5000 days with ∆t = 1 day. 

Benchmark: Experimental data of Keller and Robinson (1959) and approximate solution given 
by Haushild and Kruse (1962) are used as benchmark studies. Keller and Robinson (1959) 
obtained measurements of drawdown curve in a laboratory experiment in a flume filled by sand 
with parameters defined above and d = 0.  Haushild and Kruse (1962) gave four approximate 
solutions for this problem. Solution IV, which will be used in this test as a comparison, gave the 
closest agreement with data of Keller and Robinson (1959).  Solution IV of Haushild and Kruse 
(1962) is  

 2
3h (2Dh d ) d 0.5H= + − −  (9.1) 

where  

 HD d
2

= +  (9.2) 

 3h H= φ  (9.3) 

In (9.3) φ  is the error function given by 

 
2x / 4 t u

0
2 e du

α −φ =
π ∫  (9.4) 

where KD
V

α = , and t, K, V are time, horizontal hydraulic conductivity of aquifer, and specific 

yield of the aquifer, respectively.  

Control parameters:  SOR relaxation parameter = 1.5, maximum number of iterations for the 
solution of system of equations = 36000, convergence criteria for groundwater head difference = 
0.001 m. 

Results and discussion: 

A plot of results is shown in Figure 9.2 with dimensionless parameter h/H as ordinate and 
x / 4 tα  as abscissa for t = 5000 days. A complete drawdown of the reservoir is assumed, i.e. d 
= 0, so that approximation of IWFM can also be compared with experimental data of Haushild 
and Kruse (1962). Solution IV of Haushild and Kruse (1962) is overpredicting experimental data 
of Keller and Robinson (1959). Although the results obtained by IWFM are slightly larger than 
those of Haushild and Kruse, overall they are in acceptable agreement with the experimental 
results. 
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Figure 9.3 Computed dimensionless water table profile and experimental data. 
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10. Test 5 

Problem description:  In this problem, groundwater elevation in a confined aquifer affected by 
the water storage in the interbed layer is investigated. A fully penetrating well is located in the 
center of the simulation domain through which water is withdrawn and recharged in a cyclic 
manner. The only sources and sinks of water in the system are the discharge or recharge through 
the single well and storage in the interbed and aquifer. Observation point is at 100 m from the 
pumping well. Schematic of the problem is given in Figure 10.1 

 
Figure 10.1 Schematic of the aquifer with land subsidence due to pumping. 

Assumptions:  
The following assumptions are used when defining an interbed (Leake and Prudic, 1988): 

1. Hydraulic conductivity of the interbed is significantly lower than the hydraulic conductivity of 
the aquifer material. 

2. The interbed thickness must be small in comparison to its lateral extent. 

Model domain: Single layer aquifer with width and length of 500 m. Aquifer thickness is 500 m 
and ground surface elevation is at 500 m. Interbed thickness is 20 m. 

Grid: 10000 quadrilateral elements with 10201 nodes. x y 5 mΔ = Δ = .  Finite element nodes 
represent the center of the cells in MODFLOW grid. 

Boundary conditions:  No flow boundaries on the sides and bottom of the aquifer.   

Initial conditions:  Groundwater head of 550 m at all nodes 
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Recharge Discharge 
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Parameters: For the first day 0.04 m3/sec water is withdrawn by pumping followed by the 
second day when 20% of the extracted water (0.008 m3/sec) is recharged through the well. This 
cycle is repeated 5 times in the simulation for the 10 day simulation period. 

Aquifer horizontal hydraulic conductivity = 0.000023 m/sec, specific storage = 0.0000075 1/m, 
specific yield = 0.075. Preconsolidation head is 550 m. Elastic and inelastic skeletal specific 
storages are 5×10−5  and 5×10−3 , respectively.  

Time stepping:  Time step (∆t) = 3600 seconds, number of time steps in simulation = 240. Total 
simulation duration is 864000 seconds (=10 days). 

Benchmark: IWFM results are compared to the results obtained by MODFLOW-96 (Harbaugh 
and McDonald, 1996a, 1996b).  
MODFLOW is a cell-based model whereas IWFM is node-based. This fact introduces several 
differences between MODFLOW and IWFM simulations: Cell centers in MODFLOW grid 
coincide with the finite element nodes in IWFM grid. The simulated well is located in the center 
cell in MODFLOW, whereas it is located in the center node in IWFM. The grid in MODFLOW 
simulation consists of 101 rows and 101 columns with sizes of 5 m. Therefore, Lx and Ly in 
MODFLOW simulation is 5 m larger than those in IWFM. Effect of this small difference in 
domain size is neglected. 10 stress periods are used in MODFLOW in order to model pumping 
cycle of the well. Then discharge and recharge rate of the pump are set for each stress period.  
All the other parameter values for MODFLOW simulation are the same as those used in IWFM 
simulation. 

Control parameters:  SOR relaxation parameter = 1.5, maximum number of iterations for the 
solution of system of equations = 36000, convergence criteria for groundwater head difference = 
0.001 m. 

Results and discussion: 

Groundwater head versus time graphs at an observation point which is 100 m away from the well 
simulated by MODFLOW and IWFM are shown in Figure 10.2. This figure depicts the response 
of groundwater elevation to cyclic discharge and recharge through the pump as well as the 
interaction of interbed storage with the aquifer system. Both models generate very similar 
results. Ground water head drop in pumping periods is less than the head increase in recharge 
periods because water is released from the interbed during pumping periods.     
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Figure 10.2 Head (m) versus time (s) simulated at 100 m away from the well. 
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11. Test 6a 

Problem description:  In this problem, IWFM predictions of stream – ground water interaction 
in a gaining unconfined aquifer is investigated by comparing them to those obtained by 
MODFLOW. Comparisons are done for time variation of stream leakage into the aquifer as well 
as time variation of ground water heads at an observation point. Schematic of the aquifer with an 
observation point on the stream is shown at Figure 11.1. Four pumping wells, utilized in Test 6b, 
are located along the stream as shown in Figure 11.1. 

 
Figure 11.1: Schematic of the model domain used in Problems 6a and 6b.  
 

Model domain: Single layer aquifer with width and length of 20000 ft. Aquifer thickness is 250 
ft. and ground surface elevation is at 250 ft. A stream reach that runs parallel to y-axis is located 
at x = 9500 ft.  For the IWFM-MODFLOW comparisons, the groundwater elevations are 
observed at a point that is located at (x, y)=(9500 ft,9500 ft). 

Grid: Nodal locations in MODFLOW finite difference mesh and in the IWFM square finite 
element mesh are shown in Figure 11.2. Vertices of finite elements are located at the centers of 
finite difference cells. 
Boundary conditions: Groundwater heads at x = 0 and x = 20000 ft were fixed at 150 ft. The 
north (y = 20000 ft) and the south (y = 0 ft) boundaries were assumed to be no flow boundary 
conditions.  

Initial conditions:  Groundwater heads at all nodes were set to 150 ft. 
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Figure 11.2: Nodal locations a) in MODLOW finite difference mesh and b) in the IWFM finite 
element mesh. 
 

Parameters: Aquifer horizontal hydraulic conductivity = 100 ft/day, specific yield = 0.25. 
Constant inflow to the stream is 4.32x107 ft3/day. Streambed hydraulic conductivity is 1 ft/day, 
streambed elevation is 190 ft, and width of the channel is 100 ft. The method of computation of 
river stages in IWFM and MODFLOW are slightly different. IWFM uses a user-specified rating 
table that relates stream depth to discharge, whereas MODFLOW uses Manning’s equation to 
relate stream depth to discharge. In MODFLOW computations, selected Manning’s roughness, n, 
was 0.03 and slope, S, was 0.0001. Rating table for IWFM was constructed using 15 discharge 
and corresponding water depth values which were calculated by Manning’s equation for the 
same roughness and slope that were used in MODFLOW. Rating table used in IWFM 
computations is given at Table 11.1. 

d (ft) Q(ft3/day) 
0.000 0 
0.664 2160000 
1.006 4320000 
1.283 6480000 
1.525 8640000 
2.311 17280000 
3.503 34560000 
3.633 36720000 
3.760 38880000 
3.884 41040000 
4.005 43200000 
4.124 45360000 
4.241 47520000 
4.468 51840000 
6.070 86400000 

Table 11.1: Discharge and depth values of rating table used in IWFM computations. 
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Time stepping:  Time step (∆t) = 1 day, and total simulation time is 360 days. 

Benchmark: IWFM results are compared to the results obtained by MODFLOW-96 (Harbaugh 
and McDonald, 1996a, 1996b). The finite difference mesh used for MODFLOW simulations was 
refined until the maximum groundwater head difference at the observation point (see Figure 
11.2) at two successively refined mesh systems was negligible. This was achieved at 111.1111 ft 
grid spacing where maximum and average groundwater head differences at the observation point 
were 0.88% and 0.48%, respectively, compared to 333.3333 ft grid spacing. The head difference 
in this analysis was calculated for each time step. In problems 6a and 6b, MODFLOW 
approximations found by 111.1111 ft grid spacing is simply referred to as “exact solutions”. 

Control parameters:  SOR relaxation parameter = 1.13, maximum number of iterations for the 
solution of system of equations = 15000, convergence criteria for groundwater head difference = 
0.0001 ft. 
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Results and discussion: 

Figure 11.3 illustrates time variation of groundwater head at the observation point and leakage 
from the stream at 111.1111 ft grid spacing. This figure consists of IWFM predictions as well as 
exact values. IWFM predictions are close to exact values (see table 11.2 for NRMSE and 
ARMSE). The aquifer gains water from the stream because initial ground water head is lower 
than the stream elevation. From the initial value of 150 ft, ground water head increases and 
approaches to a steady-state value where ground water and stream are in equilibrium. Leakage 
from the stream in each time step, on the other hand, is constant when ground water head is 
lower than stream bed elevation. Leakage decreases abruptly after ground water elevation rises 
above the stream bed elevation, which is 190 ft.  Table 11.2 lists NRMSE and ARMSE for 
ground water head at the observation point and leakage from the stream. NRMSE and ARMSE 
are calculated for grid sizes of 1000, 333.3333 and 111.1111 ft. According to this table, IWFM 
predictions get better as the grid is refined. 
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Figure 11.3:  Time variation of groundwater head at observation point and stream leakage. 
∆x=∆y=111.1111 ft grid spacing was used for IWFM. 



 35

 
 NRMSE ARMSE 
Δ Δx y=  (ft) head at OP leakage head at OP leakage
1000 0.00206 0.04834 0.02013 15799
333.3333 0.00024 0.01631 0.0023 5332
111.111 9.3E-05 0.00689 0.00091 2251
Table 11.2: NRMSE and ARMSE for ground water head at observation point (OP) and total 
stream leakage. NRMSE and ARMSE are calculated for three different grid spacing. ARMSE is 
in ft for head and in ft3/day for leakage. 
 

Time variation of total stream leakage for three different values of stream bed hydraulic 
conductivity (K = 0.1, 1, 10 ft/day) is illustrated in Figure 11.4. Grid spacing of 111.1111 ft is 
used in this analysis. IWFM predictions match the exact solutions quite well for all of the three K 
values. Figure 11.5 shows time variation of groundwater heads at observation point for the same 
hydraulic conductivity of stream bed conductance values. The IWFM predictions in this figure 
are also very similar to exact values. At the beginning of the simulation, stream leakage is 
highest for K=10 ft/day and lowest for K=0.1 ft/day. Stream leakage decreases exponentially 
when K=10 ft/day because elevation difference between groundwater level and stream decreases 
exponentially. At the end of the simulation, stream leakage and ground water elevation when 
K=1 and K=10 reach a constant value at which groundwater and stream are in equilibrium. On 
the other hand, stream leakage is constant when K=0.1 ft/day because groundwater level is below 
the stream bed during the entire simulation. Table 11.3 lists NRMSE and ARMSE for ground 
water head at observation point and leakage from the stream. Maximum NRMSE for ground 
water head at observation point is 0.000420 and for leakage is 0.006888. 
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Figure 11.4: Time variation of stream leakage. ∆x=∆y=111.1111 ft grid spacing was used. 
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Figure 11.5: Time variation of groundwater head at observation point. ∆x=∆y=111.1111 ft grid 
spacing was used for IWFM. 
 
  head at OP leakage 
  K=0.1 K=1 K=10 K=0.1 K=1 K=10 
NRMSE 0.000420 0.000093 0.000101 0.000024 0.006888 0.005973 
ARMSE 0.003420 0.000914 0.001030 1.019307 2251.373 2839.474 
Table 11.3: NRMSE and ARMSE for groundwater head at observation point (OP) and total 
stream leakage. ∆x=∆y=111.1111 ft grid spacing was used for IWFM. NRMSE and ARMSE are 
calculated for three streambed hydraulic conductivity, K (ft/day). ARMSE is in ft for head and in 
ft3/day for leakage. 
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12. Test 6b 

Grid spacing, physical parameters, boundary conditions, and control parameters in this 
problem are same as those in Test 6a. However, four fully penetrating wells are located at (x, y) 
coordinates of (10611.111, 9611.1111), (10611.111, 9388.8889), (8388.889, 9611.1111), 
(8388.889, 9388.8889) in the problem domain. Water is withdrawn and recharged in a cyclic 
manner through the wells. Withdrawal and recharge flow rates at each of the four wells are given 
at Table 12.1. The purpose of this problem is to check if IWFM correctly captures the reaction of 
stream flow to withdrawal and recharge of water through wells near the stream. A constant 
inflow of 4.32x107 ft3/day is applied at the upstream end (located at the northern boundary of the 
domain) of the stream. Initial ground water head for the entire domain and river stage were set to 
194.0049 ft. Time step (∆t) = 1 day, and total simulation period is 720 days.  

 
Time (days)  

1-90 91-180 181-270 271-360 361-450 451-540 541-630 631-720 
Withdrawal 0 4.32x105  0 4.32x105  0 4.32x105 0 4.32x105 
Recharge 0 0 4.32x105   4.32x105 0 4.32x105 0 

Table 12.1: Withdrawal and recharge (ft3/day) from each of the four wells through total 
simulation time of 720 days.   
 

Time variation of ground water head at the observation point and stream leakage is 
plotted in Figures 12.1 and 12.2. A negative leakage represents a gaining stream, whereas a 
positive leakage represents a loosing stream. IWFM predictions are identical with the exact 
counterparts for both figures. For the period 1-90 days, both withdrawal and recharge rates at the 
wells are zero so initial head at the observation point is constant and stream leakage is zero. 
When from the aquifer is pumped through the wells, groundwater head at the observation point 
decreases as shown in Figure 12.1 and the stream becomes a losing stream (Figure 12.2). When 
aquifer is recharged, however, groundwater head at the observation point increases and the 
stream becomes a gaining stream.  
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Figure 12.1: Time variation of groundwater head at observation point. 
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Figure 12.2: Time variation of stream leakage. 
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13. Appendix A: Analytical solutions of Tests 1.a, 1.b, 1.c, and 1.d 

Governing equation for unconfined and homogeneous aquifers at steady state is 

 
2 2 2 2

2 2
K h h( ) 0
2 x y

∂ ∂
+ =

∂ ∂
 (11.1) 

Since there is no head gradient in y-direction,  (11.1) reduces to 

 
2 2

2
h 0

x
∂

=
∂

 (11.2) 

Integrating (11.2) twice and taking the square of the resulting expression, one obtains 

 1 2h c x c= +  (11.3) 

Since the head is specified at x=0 as (x 0)h = , 

 2
2 (x 0)c h ==  (11.4) 

for all of the tests.  Using boundary conditions at xx L= , c1 can be found for each test as 
follows: 
Test 1a: 
Since the constant head at xx L= is x(x L )h = , after substitution, equation (11.3) can be solved 
for c1: 

 x
2 2

(x 0)(x L )
1

x

h h
c

L
== −

=  (11.5) 

Substituting (11.4) and (11.5) into (11.3), one obtains 

 x
2 2

(x 0)(x L ) 2
(x 0)

x

h h
h x h

L
==

=

⎛ ⎞−
⎜ ⎟= +⎜ ⎟⎜ ⎟
⎝ ⎠

 (11.6) 

Test 1b: 
Using Dupuit assumption (Dupuit, 1863), specified flux at xx L=  can be written as  

 
( ) ( )

x
x x

2
(x L )

x L x L

h K hq K h
x 2 x=

= =

⎛ ⎞∂ ∂⎛ ⎞= − = − ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
 (11.7) 

Rearranging equation (11.7) and using (11.3) to express the derivative of h2, c1 can be expressed 
as 

 
( )

x

x

2 (x L )
1

x L

2qh c
x K

=

=

⎛ ⎞∂
= = −⎜ ⎟⎜ ⎟∂⎝ ⎠

 (11.8) 

Substitution of (11.4) and (11.8) into (11.3) gives the solution for h:  
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 x(x L ) 2
x 0

2q
h x h

K
=

== − +  (11.9) 

Test 1c: 
General head boundary (GHB) condition at xx L=  can be expressed as (DWR, 2005)  

 xGHB GHB (x L )
KAQ (h h )
d == − −  (11.10) 

Using Dupuit assumption at xx L= : 

 
( ) x

x
GHB (x L )

x L

h KAK h (h h )
x yd =

=

∂⎛ ⎞− = − −⎜ ⎟∂ Δ⎝ ⎠
 (11.11) 

where �y is the length of the boundary where the general head boundary condition is specified.  

Substituting 
( )x

1

x L 1 x 2

ch
x 2 c L c=

∂⎛ ⎞ =⎜ ⎟∂ +⎝ ⎠
 at xx L=  from (11.3), x(x L ) 1 x 2h c L c= = + and 

2
2 (x 0)c h ==  into (11.11), one can find the following implicit equation for 1c : 

 2
1 GHB 1 x x 0

2Ac h c L h
d y =

⎛ ⎞= − +⎜ ⎟Δ ⎝ ⎠
 (11.12) 

Equation (11.12) is a quadratic equation.  It can be solved iteratively or using analytical methods.  
When solved for c1, (11.12) will give two solutions.  However, only one of these solutions will 
be acceptable since the other solution will produce a physically unrealistic head value. 
Test 1d: 
Based on a flow rate versus hydraulic head rating table, the boundary flow may change as a 
function of the hydraulic head (DWR, 2003):  

 q f (h)=  (11.13) 

If ( ) ( )x x1 1x L x Lq a h b= == +  at xx L= , then 

 
( )

( )x
x

1 1x L
x L

hK h a h b
x =

=

∂⎛ ⎞− = +⎜ ⎟∂⎝ ⎠
 (11.14) 

Performing the same procedure that was used to obtain (11.12) from (11.11), one can find 

 21 1 1
1 x x 0

a b cc L h 0
K K 2=+ + + =  (11.15) 

Similar to equation (11.12), (11.15) will generate two solutions for c1.  However, only one of 
these solutions will be acceptable since the other solution will produce a physically unrealistic 
head value. 
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